Session 3aPP: Auditory Physiology and Modeling (Poster Session) 3aPP20. Frequency-domain analysis of cochlear gain reduction due to disruptions in the outer hair cell feedback loop Yi-Wen Liu*, Kuang-Yi Lin and Yong-Zing Chen *Corresponding author's address: Electrical Engineering, National Tsing Hua University, 101 KuangFu Rd. Sec. 2, Hsinchu, 30013, Taiwan, Taiwan, ywliu@ee.nthu.edu.tw A frequency domain equivalent model was implemented to match the small-signal responses produced by a time-domain cochlear mechanics model (Liu and Neely, 2010) . In the present model, the outer hair cell feedback is characterized by physical parameters, including a hair-bundle transduction ratio (HBTR) and a prestin-associated capacitance (PAC). When either of them is reduced, the model predicts lowered magnitude responses along the cochlea; however, HBTR and PAC seem to play different roles in facilitating cochlear amplification. It appears that the gain drops more drastically with respect to reduction in the HBTR, whereas the degradation is more graceful with respect to lack of prestin. Simulation also suggests that HBTR is more crucial for high-frequency hearing whereas PAC boosts up low frequency responses. Finally, we present attempts on modifying the frequency-domain model iteratively to simulate nonlinear responses. The saturating cochlear responses to high-intensity tones can be predicted by the frequency domain model as long as HBTRs are adjusted appropriately. Currently, high precision is achieved (as compared against time-domain simulation) by usage of Fourier series analysis in determining the HBTR adjustment factor. This numerical approach has a potential to accelerate simulation by orders of magnitude. Its physical meaning will also be discussed.
INTRODUCTION
In the field of cochlear mechanics, much attention has been concentrated on how normal hearing function is achieved in mammals. In particular, the role of outer hair cells (OHCs) has been studied extensively, and currently it is agreed upon by the majority that the OHCs provide positive feedback so traveling waves get amplified along the cochlea (e.g., Shera 2007) . However, the mechanisms underlying OHC feedback have been heavily debated. Lines of evidence suggests that OHC's somatic motility associated with prestin molecules produces the needed feedback force for wave amplification (for a review, see Dallos 2008) , while others suggested that the feedback force is mainly produced at the hair bundle of OHCs (e.g., Tinevez et al., 2006) . The primary aim of the present work is to investigate, using computer models, the role of OHC somatic motility and that of the OHC hair bundle in maintaining sufficient feedback for wave amplification in the cochlea. To this end, frequency-domain linear-analysis approaches have been developed and results of "normal" and "impaired-hearing" simulation are compared against results from a recent experiment (Zuo et al., 2012) . It turns out that the approaches could also be extended to predict nonlinear effects approximately (Kanis and de Boer, 1993) . Consequently, the secondary aim of the present work is to evaluate the accuracy and efficiency of the extended approach in solving nonlinear cochlear-mechanics equations.
METHODS AND RESULTS

Frequency (Laplace) Domain Modeling of Cochlear Mechanics i
The adopted computer model (Liu and Neely, 2009; 2010) was constructed to simulate the propagation of cochlear traveling waves along a single direction x. Two canonical wave variables, namely the acoustic pressure ‫,ݔ(‬ ‫)ݐ‬ and the volume velocity of cochlear fluid ‫,ݔ(ݑ‬ ‫,)ݐ‬ are related by Newton's second law:
where A(x) is the cochlear cross-section area and ߩ is the fluid density. Applying Laplace's transform, Eq. 1 becomes:
where P and U are the Laplace transform of p and u, respectively, and ‫,ݔ(ݖ‬ ‫)ݏ‬ = ‫ܣ/ߩݏ‬ is the series impedance per unit length. Similarly, the spatial derivative of ‫,ݔ(ܷ‬ ‫)ݏ‬ is related to ‫,ݔ(ܲ‬ ‫)ݏ‬ as follows,
where y(x,s) is a shunt admittance per unit length that characterizes the transverse velocity of the cochlear partition in response to the pressure difference between the scala vestibuli and the scala tympani. It is assumed in the model that ‫,ݔ(ݕ‬ ‫)ݏ‬ relates to a transfer function ‫,ݔ(ܪ‬ ‫)ݏ‬ due to OHC feedback in the following manner (Liu and Neely, 2009) 
where ܼ ‫,ݔ(‬ ‫)ݏ‬ describes the mechanical impedance of the basilar membrane. Note that, when ‫,ݔ(ܪ‬ ‫)ݏ‬ = 0, the cochlea reduces to a purely passive system and the wave can propagate only in places where y(x,s) is stiffnessdominated. Next, we summarize how the OHC feedback gain ‫,ݔ(ܪ‬ ‫)ݏ‬ is calculated.
OHC Feedback
The adopted model of the OHC began with consideration of the mechanoelectrical transduction (MET) in the stereocilia. The MET channels were assumed to act like a combined velocity and displacement sensor, such that the receptor current ݅ relates to the reticular-lamina (RL) displacement ߦ by the following nonlinear equation:
where ߙ ௩ and ߙ ௗ denote the velocity-and displacement-sensing constant, respectively, and I max denotes the maximal level of alternating current (AC) flowing into the OHC. When the stimulus level is sufficiently low, the model can be considered to operate in the linear regime, and an OHC forward transduction ratio ‫ܪ‬ can be defined as follows,
Note that Eq. (6) is essentially a linear approximation of Eq. (5). Consequently, it is expected that when ߦ is sufficiently small throughout the model cochlea, using Eq. (6) to analyze cochlear mechanical responses in the frequency domain should produce identical results as can be obtained by time-domain finite-difference simulation [such as presented in Liu and Neely (2010) ]. Although we will not discuss extensively in this paper, during the model development process we have examined that the above statement indeed holds true for acoustic stimuli at low sound-pressure levels (e.g., < 20 dB SPL). We shall get back to this point later in the paper.
Next, somatic motility of the OHC was characterized by an electro-mechanical transduction ratio T, its unit being displacement per charge accumulation [cm/C], or velocity per unit amount of current [(cm/s)/A], equivalently. The product of the transduction ratios H f and T sets an open-loop gain for the OHC feedback; however, due to factors such as electrical leakage of the membrane and mechanical load of the OHC, the gain is modified so a close-loop gain H(x, s) is calculated as follows:
In Eq. (7), the OHC membrane leakage conductance G, the membrane capacitance C, the prestin-associated gating capacitance ‫ܥ‬ , and the mechanical impedance Z OHC (s) which the OHC contraction force pulls upon, were all set to vary smoothly from the base to the apex in the present model of the cochlea. Parameter values can be found in Liu and Neely (2010) . Substituting Eq. (7) 
Frequency Responses of Hearing Loss Due to Disruption in the OHC Feedback Loop
One advantage of computer "experiments" is the relative ease of changing parameters to see how the frequency responses vary. Here, we demonstrate how OHC-originated hearing loss could be simulated by two different types of disruption in the OHC feedback loop; one type of disruption is to reduce the MET sensitivity parameters ߙ ௩ and ߙ ௗ , and the other is to reduce the prestin-associated gating capacitance ‫ܥ‬ .
Magnitude responses in the "normal hearing" model and the "hearing-impaired" model are shown in Fig. 1 and 2 for comparison. Note that either type of disruption causes the magnitude response to lower, but the way it is lowered differs. Reduction in the MET sensitivity causes high frequency responses to drop while maintaining low-frequency responses, a consequence of negative-damping region becoming narrower (Liu and Neely, 2013) . In contrast, reduction in the prestin-associated capacitance tends to lower the low-frequency responses more than it does to highfrequency responses. The reduction of displacement gain is not a linear function with respect to the reduction ratio in ‫ܥ‬ . This result is qualitatively similar to recently reported hearing threshold measurements on prestin knock-in mice (Zuo et al., 2012) but the amount of hearing loss does not agree precisely. We will get back to this point in the Discussion session.
Iterative Frequency-Domain Analysis of Nonlinear Cochlear Responses
We have mentioned that Eq. (6) is a linear approximation of a nonlinear input-output function in the MET of OHCs described by Eq. (5). The approximation works well only when the following criterion holds:
In the present work, we seek to revise Eq. (6) so that the cochlear response to large signals (meaning signals causing strong RL motion so the criterion in Eq. 8 do not hold) can still be analyzed, at least approximately, using frequency-domain analysis. Presently, our attention has been confined to analysis of cochlear responses to single tones with frequency f. An iterative frequency-domain method for the analysis of nonlinear cochlear responses consists of three steps: First, an initial guess of the cochlear mechanical responses was made by solving the cochlear mechanical equations (2)- (4) and (6)-(7). Secondly, based on the initial-guess solution, the sensitivity parameters in Eq. (6) are updated and the solution is refined. Then, the process repeats until the solution converges. The idea behind this numerical scheme is that the converged parameters should jointly define an equivalent linear system that accounts for the distribution of wave variables inside the cochlea. This iterative computational framework was first proposed by Kanis and de Boer (1993) ; the main difference here is the way OHC feedback is modeled in Eq. (5)-(7). Kanis and de Boer (1993) adopted an early model of cochlear mechanics (Neely and Kim, 1986) in which the OHC feedback was described in terms of a mechanical impedance. The OHC-associated impedance was subtracted from the basilar-membrane impedance, resulting in negative damping. In the present work, the description of OHC feedback was more detailed to keep up with findings in the electrophysiology of OHCs during the past 20 years. The present model also predicts negative damping when stimulus level is sufficiently low (Liu and Neely, 2009; . Our present answer to the first question is to find an equivalent sensitivity parameter after every iteration. To aid the discussion, let us define an auxiliary variable ‫ܫ‬ ୌ ‫,ݔ(‬ ‫)ݏ‬ = ‫ߙݏ(‬ ௩ + ߙ ௗ ‫,ݔ(ߦ|)‬ ‫,|)ݏ‬ where ‫ݏ‬ = ݆2ߨ݂ and ‫,ݔ(ߦ|‬ ‫|)ݏ‬ denotes the AC amplitude of the RL displacement as it appears in the present iteration. Hence, ‫ܫ‬ ୌ ‫)ݏ(‬ can be regarded as what the amplitude of OHC receptor current would have been (WHB) had the MET channel acted completely linearly. Now, define the sensitivity reduction ratio ߛ as follows,
In other words, ‫,ݔ(ߛ‬ ‫)ݏ‬ denotes the ratio of the nonlinearly modified current magnitude ‫ܫ‬ ୫ୟ୶ tanh ቀ Eq. (6) are replaced by ߛߙ ௩ and ߛߙ ௗ , respectively, to reflect the nonlinear saturation in the magnitude of receptor current. Afterwards, |ߦ| is solved again along the model cochlea, and the entire process repeats until ‫,ݔ(ߛ‬ ‫)ݏ‬ and ‫,ݔ(ߦ|‬ ‫|)ݏ‬ both converge everywhere. This parameter update method is somewhat simplified from that of Kanis and de Boer (1993) ; in their report the OHC impedance was updated through a Fourier series calculation. One problem is, the above mentioned process does not always converge numerically. Empirically, we found that the method fails to converge when the stimulus level of the pure tone exceeds about 30 dB SPL. A typical instance of non-converging solution is shown in Fig. 3 ; the blue circles show ‫,ݔ(ߛ‬ ‫)ݏ‬ at the 2-kHz characteristic place calculated after each iteration. It seems to jump repeatedly between two asymptotic values. To fix this numerical problem, a smoothing procedure was adopted for parameter updating. At each iteration, the procedure still utilizes Eq. (9), but the way to update sensitivity parameters is modified by linear smoothing:
where the superscript (n) denotes the iteration number, 0 ≤ ‫ݍ‬ < 1 is a fixed memorization factor, and ߙ ௩ and ߙ ௗ denote the initial value of these two parameters. Note that if ‫ݍ‬ = 0, the procedure reduces to the case of Eq. (9). In general, the procedure memorizes the solution in the past so a higher q makes the numerical solution more stable but less adaptive. Note that when the procedure converges, we have
and this relation holds regardless of the value of q. Figure 3 shows a typical example that Eq. (10) stabilizes the parameter-searching procedure and causes the solution to converge. Figure 2 shows that when prestin-associated capacitance (PAC) drops by 50%, the reduction in cochlear gain was not so significant, and tips in the magnitude responses persist despite of a mild decrement in their heights. This finding agrees with the experimental data obtained by Zuo et al. (2012) ; however, when PAC drops by 25% further, magnitude responses in the present model start to see more prominent reduction, and it is especially so in the lowfrequency (apical) locations. Liu and Neely previously (2009) predicted that the gain reduction would be somehow graceful against the loss in PAC; the gain reduction would not be prominent until PAC drops below a certain critical value. Their prediction was based on a calculation of traveling wave amplification rate, and the present work is consistent with this prediction in terms of whole-cochlea frequency-domain simulations. It appears that the critical PAC value lies somewhere between 50% and 25% of the original "normal" PAC values. Figure 2 also shows that, when PAC drops below the critical value, low frequency responses suffer more than high-frequency responses. This is consistent with the fact that the action of prestin-associated OHC somatic motility is most effective at low frequencies, for it is limited by the RC-filtering constant of the OHC membrane; the corner frequency ‫ܥ/ܩ‬ was close to 1 kHz in the present model. Above this frequency, the present model assumes that the velocity sensing factor ߙ ௩ in the hair-bundle plays a more important role in maintaining the OHC feedback. These features in the present model provide explanations to the gain-reduction patterns seen in Fig. 1 and 2 . To summarize, loss in OHC hair-bundle transduction ratio causes gain reduction at high frequency, and loss of PAC reduces the gain at low frequency. In this sense, PAC and hair-bundle transduction are complementary to each other in maintaining sufficient gain at all frequencies.
DISCUSSION
An obvious advantage of frequency-domain (FD) modeling approaches is in the computational efficiency. In Fig.  3 , it took about 30 iterations for the solution to converge, where as a time-domain (TD) approach typically takes thousands of steps in time in order to simulate the cochlear response to a single tone in its steady state. However, it remains questionable whether the FD iterative approach produces accurate solution to the nonlinear equations. Kanis and de Boer (1996) showed that their FD iterative approach led to solutions that were almost identical to those of a TD solver; we fall short of reaching this conclusion - Figure 4 compares simulation results of the present FD-solver to a TD solver. The stimulus was a single tone at 60 dB SPL and its frequency was 2 kHz. All parameters in the FD model was set identical to those of the TD model, but the converged solution produced by the FD model (thin red line) was not identical to what was obtained in TD (thick green line). Figure 4 shows that, in this example, the amplitude of RL displacements |ߦ ‫,ݔ(‬ ‫|)ݏ‬ was over-estimated and the equivalent sensitivity ratio ‫,ݔ(ߛ‬ ‫)ݏ‬ was not sufficiently reduced as compared against the TD prediction. This discrepancy between the FD convergent solution and the TD solution persists across a range of stimulus level. Figure 5 shows the minimum value of ‫,ݔ(ߛ‬ ‫)ݏ‬ along the x direction as a function of stimulus level (the stimulus being a 2 kHz tone). Note that there seems to be a fine agreement between the FD and the TD results till the stimulus level reached 40 dB. Beyond this level, gain reduction was consistently under-estimated by the present FD solver when compared against the TD solution. We are currently not certain whether this discrepancy was mainly due to the way ‫,ݔ(ߛ‬ ‫)ݏ‬ is defined in Eq. (9) -Kanis and de Boer (1993) used a more sophisticated Fourier series formulation -or due to the fact that Eq. (9) was replace by Eq. (10) in order to ensure numerical convergence. More efforts will be made to look into this. Right: the equivalent sensitivity reduction ratio. In both panels, the thick blue line shows the initial guess produced by the FD solver; the solution converges after a number of iterations to the thin red line, which still differs from the TD solution (the light green line). The stimulus was a 60 dB tone at 2 kHz. Nevertheless, the similarity between the present FD-modeling results and the TD simulation provides some hope that the iterative approach can also be applied to analyze nonlinear cochlear responses to more complicated stimuli, such as multiple tones or stationary noise. This will not be a novel attempt, we must point out, as Kanis and de Boer (1996) demonstrated years ago that an FD iterative approach could predict two-tone suppression and distortion products quite accurately. The main motivation for repeating their numerical experiments is founded on the fact that frequency/Laplace domain analysis can provide more insights than TD simulation could. Further, with the present OHC model, we have demonstrated that the variation of macroscopic frequency responses can be analyzed against variations in parameters that are meaningful physiologically, such as PAC and hair-bundle transduction sensitivities. Since we are also aware of newer computer models that consider more details than the present model does, especially in their treatment of the organ-of-Corti mechanics (e.g., Meaud and Grosh, 2011; Yoon et al., 2011) , we would suggest that a FD iterative approach can be devised for these models, too. Thus, nonlinear responses in these newer models can be solved efficiently. Physical parameters could therefore be systematically varied in these models to see their impact on maintaining normal hearing function. This goal might otherwise be too computationally costly to accomplish.
